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Abstract
In this paper, we analyze the nonlinear dynamic response of an orthotropic laminate in a simply supported boundary
condition subject to thermal and mechanical loading. The equation of motion for the laminate’s deﬂection is obtained in a
decoupled Duﬃng equation by means of a Galerkin-type method without Berger’s approximations. The Duﬃng equation
incorporates an arbitrary thermal ﬁeld, with both the in-plane and transverse temperature variations in a steady-state and a
transient state. The formulation indicates that the transverse temperature variation produces an additional pressure load,
while the in-plane temperature variation aﬀects the system frequency. The equation allows for characterization of the lam-
inate behaviors in nonlinear thermal buckling, thermal vibration and thermal mechanical response.
 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Thermal ﬁeld with a temperature variation can cause the nonlinear deformation of a thin laminated struc-
ture, similar to a mechanical load does. This is particularly true for a thin laminate used as a micro-electro-
mechanical structure (MEMS), such as a circuit board that is in a dynamic motion subject to a thermal electric
ﬁeld. The MEMS structure is usually composed of conduction and insulation layers; as such, the electro-ther-
mal coupling eﬀect generates non-uniform temperatures in each lamina plane and through the laminate thick-
ness. The deformation and stresses of each lamina diﬀer from one another due to the diﬀerences in their
thermal and mechanical properties.
The nonlinear analysis of a laminate subject to mechanical loading has been based on the governing equa-
tions of motion developed by Whitney and Leissa with nonlinear strain ﬁelds (Whitney and Leissa, 1969).
Extensive investigation on the laminate nonlinear vibration and buckling behaviors has been completed (Chia,
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Nomenclature
A stiﬀness matrix of the laminate
A* inverse matrix of A
Aij elements of A*
B coupling rigidity matrix of the laminate
C stiﬀness matrix of the laminate for constitutive equation of stress and strain
C0 constant
Cij coeﬃcient of the stiﬀness matrix
E(k) kth lamina Young’s Modulus
F(x,y, t) Airy’s stress functioneF ðx;y; tÞ Airy’s stress function with complementary function
~I , I, I1, I2 inertia of the laminate
M applied moment vector
MT thermal moment vector
N(w) function operator for in-plane forces and deﬂection
N in-plane force vector
NT in-plane thermal force vector
Qmn external pressure load on the laminate
T0(x,y) in-plane temperature variation
T1(x,y) temperature variation through the thickness of the laminate
T 0mn, T
1
mn Fourier series coeﬃcients for T0(x,y), T1(x,y) and Tc(x,y), respectively
a laminate length in x
b laminate length in y
ljð~x0Þ Lyapunov exponent
m*, p*, r*, s* stiﬀness coeﬃcients
qT transverse thermal load
q Duﬃng equation forcing function due to pressure load
u(y,y) in-plane deformation of laminate in x direction
v(x,y) in-plane deformation of laminate in y direction
v(1), v(2) elements of Lyapunov exponent
w(x,y, t) transverse deﬂection function
€wðx; y; tÞ transverse deﬂection acceleration function
w^ðx; y; tÞ transverse deﬂection approximating function
jW(t)j, j €W ðtÞj transverse deﬂection and acceleration, respectively
jW0j ﬁnite deﬂection
aðkÞx , a
ðkÞ
y , a
ðkÞ
xy kth lamina coeﬃcient of thermal expansion
am mth mode dimension in x
bn nth mode dimension in y
ei, eij, cij strain components
ei strain invariants
j thermal conductivity
c^ geometric aspect ratio
cmn aspect ratio
qðkÞi kth lamina material density
g coeﬃcient for thermal force NT
n coeﬃcient for thermal moment MT
x excitation frequency
x0mn natural frequency
xmn system frequency with thermal eﬀect
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1980; Rao, 1999). In nonlinear analysis, Galerkin’s method or variation principles are the general approaches
in reducing the governing equation of motion to an equation for laminate deﬂection. Due to the nonlinear
coupling of the compatibility function and the governing equation of motion, the reduction in a multi-mode
analysis often leads to an integral–diﬀerential equation with modal coupling (Chia, 1980; Sundara Raja lyenga
and Naqvi, 1966). This is in contrast to the linear analysis where reduction results directly in a decoupled
equation of motion (Bloom and Coﬃn, 2001a). Alternatively, the multi-mode reduction needs approximations
that would allow for solutions of modal coeﬃcients in a progressive manner in an iterative procedure.
Although such approach avoids diﬀerential–integral equations, yet it introduces modal dependence or modal
coupling for the sake of an admissible solution (Boley and Weiner, 1960a; Chia, 1980). In thermal buckling
analysis, minimizing the total energy with respect to the modal coeﬃcients transforms the equation to a set
of algebraic equations for a solution of the modal coeﬃcients by means of numerical computation. (Huang
and Tauchert, 1988a,b). In a similar fashion, Barut et al. developed the ﬁnite element formulations for ther-
mally induced large deformation and thermal vibration of laminates using Ritz methods, with total energy
conservation (Barut et al., 2000; Tauchert, 1991). The ﬁnite element formulation eliminates the modal cou-
pling issue by using an algebraic function for the approximating function, instead of the Fourier series.
In order to eliminate the diﬃculties usually encountered in obtaining an equation of motion in a decoupled
modal form, Berger used an approximation in the reduction of the governing equation of motion in an energy
approach. Berger’s approximation assumes that the second strain invariant of the middle plane can be
neglected (Berger, 1955). Although this approximation compromises the total energy of the system, the
approach does reduce many nonlinear dynamics problems to the form of a decoupled nonlinear ordinary dif-
ferential equation.
Using Berger’s approximation, Basuli studied the nonlinear buckling of an isotropic circular and a rectan-
gular plate induced by an uniform steady-state in-plane temperature variation (Basuli, 1968). Following this
Basuli–Berger method, Pal analyzed thermal buckling and vibration for both circular and rectangular plates.
In Pal’s orthotropic circular plate analysis (Pal, 1969, 1973), the deﬂection and the thermal ﬁelds are assumed
to be a polynomial function of the normalized radius, which enables a direct integration of the governing
equation of motion for a Duﬃng-type equation. Using Berger’s approximation, Pal also obtained a decoupled
Duﬃng equation for the thermal vibration analysis of an orthotropic rectangular plate (Pal, 1970). Pal’s solu-
tions to the Duﬃng equation were sought by using the Poincare successive approximation scheme or by ellip-
tic integrals (Pal, 1970, 1973). Later, Biswas considered the static buckling of an orthotropic equilateral plate
with a non-uniform in-plane temperature variation and transverse thermal ﬁeld using Galerkin’s method with
Berger’s approximation (Biswas, 1981). He arrives at a formulation for thermal buckling in a linear function
of the transverse thermal ﬁeld, and in a nonlinear algebraic function of the in-plane temperature variation.
In these studies of the thermal ﬁeld eﬀect on the nonlinear elastic deformation of the plate or laminate, the
thermal ﬁeld is independent from the physical thermal process. Instead, for the sake of computation conver-
gence, the temperature is assumed in either an arbitrary function or a restricted function (Bloom and Coﬃn,
2001a,b; Klosner and Forry, 1958; Pal, 1969, 1970). If consideration needs to be given to both thermal pro-
cesses, such as a heat conduction equation and the nonlinear dynamics of the laminate, a complicated com-
putation scheme would be needed for simultaneously solving the coupled nonlinear partial diﬀerential
equations (Liu and Chang, 1985).
In our investigation of the nonlinear dynamics of plates or laminates, we have obtained a decoupled modal
form of equation of motion by using the method of weighted residuals (MWR) (Finlayson, 1966; Stakgold,
1967) for certain geometries and boundary conditions, without Berger’s approximation. In this approach,
we established the modal form Duﬃng equation for a rectangular isotropic laminate subject to mechanical
loading in both simply supported and clamped boundary conditions (He, 2006a; He and Fulton, 2002; He
and Stallybrass, 2002). Essentially, the MWR permits formation of an orthogonal set of functions in the
weighted residuals, which leads to a decoupled Duﬃng equation.
In this paper, we will use our method to obtain the equation of motion for an orthotropic laminate in a
simply supported boundary condition subject to both thermal and mechanical loading. We obtain a decoupled
Duﬃng equation with constant coeﬃcients with non-uniform in-plane and through-thickness temperature
variations, in both the steady-state and transient state. Our method incorporates the thermal diﬀusion equa-
tion into the Duﬃng equation, which prescribes the coupled ﬁeld eﬀect on the laminate deﬂection behaviors in
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buckling and vibration. We illustrate laminate behaviors by numerical results in thermal buckling and vibra-
tion, as well as thermal mechanical vibration.
2. Equation of motion
The equation of motion from classical laminate theory, when the in-plane inertia is neglected, is in the form
of (Whitney and Leissa, 1969):
Nx;x þ Nxy;y ¼ 0;
Nxy;x þ Ny;y ¼ 0;
Mx;xx þ 2Mxy;xy þMy;yy þ NðwÞ þ q ¼ I €w I2r2€w;
ð1Þ
where
NðwÞ ¼ Nxw;xx þ 2Nxyw;xy þ Nyw;yy : ð2Þ
Forces Nx, Ny, Nxy are elements of the in-plane force vector. Mx, My, Mxy are the elements of the moment
vector.
Deﬁne the inertia of the laminate as
½I ; I1; I2 ¼
XN
k¼1
Z h2
h1
qðkÞij  ½1; z; z2  dz; ð3aÞ
and
½I ; I1; I2 ¼ ½I ; 0; I2 ð3bÞ
for homogeneous material in a symmetric laminate.
The nonlinear Von-Karman strain ﬁeld is
feg ¼ fe0g þ zfe1g; ð4Þ
fe0g ¼
e0xx
e0yy
c0xy
8><>:
9>=>;; fe1g ¼
jx
jy
jxy
8><>:
9>=>;; ð4aÞ
e0xx ¼ u0;x þ
1
2
w2;x; e
0
yy ¼ v0;y þ
1
2
w2;y ; c
0
xy ¼ u0;y þ v0;x þ w;xw;y ;
jx ¼ w;xx; jy ¼ w;yy ; jxy ¼ 2w;xy :
ð4bÞ
The strain ﬁeld of the Von-Karman plate theory satisﬁes the compatibility equation:
e0xx;yy þ e0yy;xx  c0xy;xy ¼ w2;xy  w;xxw;yy ; ð5Þ
Denote the operator
Lðp; qÞ ¼ p;yyq;xx þ p;xxq;yy  2p;xyq;xy : ð6Þ
The compatibility equation becomes
e0xx;yy þ e0yy;xx  c0xy;xy ¼ 
1
2
Lðw;wÞ: ð6aÞ
Introducing Airy’s stress function deﬁned by
Nx ¼ F ;yy; Ny ¼ F ;xx; Nxy ¼ F ;xy ; ð7Þ
X. He / International Journal of Solids and Structures 43 (2006) 7628–7643 7631
and the in-plane thermal forces:
NTx
NTy
NTxy
8><>:
9>=>; ¼ T 0ðx; yÞ
XN
k¼1
Z Zkþ1
Zk
½Q11 Q12 0 ðkÞ
aðkÞx
aðkÞy
aðkÞxy
8><>:
9>=>;dz ¼ T 0ðx; yÞ
gx
gy
gxy
8<:
9=;; ð8Þ
gx
gy
gxy
8<:
9=; ¼XN
k¼1
EðkÞ
1 vðkÞ ðzkþ1  zkÞ
aðkÞx
aðkÞy
aðkÞxy
8><>:
9>=>;: ð8aÞ
The constitutive relation is
e0xx
e0yy
c0xy
8><>:
9>=>; ¼
A11 A

12 0
A21 A

22 0
0 0 A11
264
375 F ;yy þ N
T
x
F ;xx þ NTy
F ;xy þ NTxy
8><>:
9>=>;; ð9Þ
where
A ¼ A1; B ¼ A1B; D ¼ D BA1B; ð9aÞ
and the stiﬀness matrices are
½A;B;D ¼
Z h2
h1
CðkÞij ½1; z; z2dz; ð9bÞ
CðkÞ11 ¼ CðkÞ22 ¼
Xk¼n
k¼1
EðkÞ
1 ðvðkÞÞ2 ; C
ðkÞ
12 ¼ CðkÞ21 ¼
Xk¼n
k¼1
vðkÞEðkÞ
1 ðvðkÞÞ2 ; C
ðkÞ
66 ¼
Xk¼n
k¼1
EðkÞ
2ð1þ vðkÞÞ : ð9cÞ
For symmetric orthotropic laminate, [B] = 0, D* = D. Therefore, the compatibility equation (5), becomes
F ;xxxx þ pF ;xxyy þ mF ;yyyy þ 1xT 0;xx þ 1yyT 0;yy þ 1yT 0;yy ¼ 
r
2
Lðw;wÞ; ð10Þ
where
p ¼ 2A

12 þ A66
A22
; m ¼ A

11
A22
; r ¼ 1
A22
; 1x ¼ gy þ
A12
A22
gx; 1y ¼
A11
A22
gx þ
A12
A22
gy ; 1xy ¼ 
A66
A22
gxy :
ð10aÞ
We assume the thermal ﬁeld with temperature variation T(x,y,z, t) in the form
T ðx; y; z; tÞ ¼ T 0ðx; y; tÞ þ zT 1ðx; y; tÞ; ð11Þ
where
T 0ðx; y; tÞ ¼
XN
n¼1
XM
m¼1
T cmnðx; yÞ þ
XN
n¼1
XM
m¼1
T 0mnðtÞ sinð2amxÞ sinð2bnyÞ; ð11aÞ
T 1ðx; y; tÞ ¼
XN
n¼1
XM
m¼1
T 1mnðtÞ sinðamxÞ sinðbnyÞ: ð11bÞ
The time-dependent thermal ﬁeld contains two separable functions for the transient temperature variation and
the spatial temperature distribution, respectively, i.e.
T 0mnðx; y; tÞ ¼ T 0mnðtÞ  T 0mnðx; yÞ; T 0mnðtÞ ¼ f ðtÞ; ð11cÞ
T 1mnðx; y; tÞ ¼ T 1mnðtÞ  T 1mnðx; yÞ; T 1mnðtÞ ¼ gðtÞ: ð11dÞ
Note that the thermal ﬁeld function assumed in (11) is necessary to represent the temperature variation
through the laminate thickness, which occurs when the interfacial materials have diﬀerent thermal conduction
properties.
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Assuming the laminate deﬂection function approximated by w^ðx; y; tÞ:
w^ðx; y; tÞ ¼
XN
n¼1
XM
m¼1
W mnðtÞ sin amx sin bny; ð12Þ
which satisﬁes the boundary condition of the laminate, i.e.
w^ðx; 0; tÞ ¼ 0; w^ðx; b; tÞ ¼ 0; w^ð0; y; tÞ ¼ 0; w^ða; y; tÞ ¼ 0;
w^;xxðx; 0; tÞ ¼ 0; w^;xxðx; b; tÞ ¼ 0; w^;yyð0; y; tÞ ¼ 0; w^;yyða; y; tÞ ¼ 0:
ð13aÞ
In addition, the solution should satisfy the constraints on the mid-plane motion in x and y at the boundaries,
i.e.
vðx; 0; tÞ ¼ 0; vðx; b; tÞ ¼ 0; uð0; y; tÞ ¼ 0; uða; y; tÞ ¼ 0: ð13bÞ
This leads to a solution to the function F(x,y, t) from (10), which gives
F ðx; y; tÞ ¼
XN
n¼1
XM
m¼1
f1ðtÞ cosð2amxÞ þ f2ðtÞ cosð2bnyÞ þ f3ðtÞ cosð2amxÞ cosð2bnyÞ
þ f4ðtÞ sinð2amxÞ sinð2bnyÞ; ð14Þ
where
f1ðtÞ ¼ r
b2n½W mnðtÞ2
32a2m
; f 2ðtÞ ¼
ra2m½W mnðtÞ2
32mb2n
;
f3ðtÞ ¼
ð1xa2m þ 1yb2nÞT 0mnðtÞ
4ða4m þ mb4n þ pa2mb2nÞ
; f 3ðtÞ ¼
1xyambnT
0
mnðtÞ
4ða4m þ mb4n þ pa2mb2nÞ
:
ð14aÞ
Expanding the F(x,y, t) function to include the complementary function as
F mn ¼ 1
2
C1mny
2 þ 1
2
C2mnx
2 þ f1ðtÞ cosð2amxÞ þ f2ðtÞ cosð2bnyÞ þ f3ðtÞ cosð2amxÞ cosð2bnyÞ
þ f4ðtÞ sinð2amxÞ sinð2bnyÞ; ð15Þ
the in-plane boundary condition (13b) determines that
C1mn ¼
½W mnðtÞ2
8
ðA11a2m þ A12b2nÞ  gxT cmn; C2mn ¼
½W mnðtÞ2
8
ðA12a2m þ A22b2nÞ  gyT cmn: ð16Þ
The equation of motion for the deﬂection of an orthotropic laminate subject to thermal and mechanical load is
D11w;xxxx þ 2ðD12 þ 2D66Þw;xxyy þ D22w;yyyy þ I €w I2r2€w LðF ;wÞ  LTðNT;wÞ þ r2MT ¼ Q; ð17Þ
where
LðF ;wÞ ¼
XQ
q¼1
XP
p¼1
XN
n¼1
XM
m¼1
ðF mn;xxwpq;yy þ F mn;yywpq;xx  2F mn;xywpq;xyÞ; ð17aÞ
LTðNT;wÞ ¼ NTx w;xx þ NTy w;yy þ 2NTxyw;xy ; ð17bÞ
MTx
MTy
MTxy
8>><>:
9>>=>; ¼ T 1ðx; yÞ
nðkÞx
nðkÞy
nðkÞxy
8>><>:
9>>=>;; ð17cÞ
nðkÞx
nðkÞy
nðkÞxy
8><>>:
9>=>>; ¼
XN
k¼1
EðkÞ
3ð1 vðkÞÞ ðz
3
kþ1  z3kÞ
aðkÞx
aðkÞy
aðkÞxy
8><>>:
9>=>>;: ð17dÞ
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Deﬁne the residual of above equation of motion with the approximating function w^ðx; y; tÞ as
Error ¼ D11w^;xxxx þ 2ðD12 þ 2D66Þw^;xxyy þ D22w^;yyyy þ I €^w I2r2 €^w LðF ; w^Þ
 LTðNT; w^Þ  Qþr2MT; ð18Þ
Using a Galerkin-type method, we require thatZ b
0
Z a
0
ErrorðsinðaixÞ sinðbjyÞÞdxdy ¼ 0; ð19Þ
this results in a decoupled Duﬃng equation with constant coeﬃcients, as
€W mnðtÞ þ xmnðtÞ2W mnðtÞ þ rmnW mnðtÞ3 ¼ qmnðtÞ; ð20Þ
where
x2mnðtÞ ¼
1
~Imn
½D11a4m þ D22b4n þ 2ðD12 þ 2D66Þa2mb2n þ
1
4
T 0mnf ðtÞðgxa2m þ gyb2nÞ
 
; ð20aÞ
rmn ¼ 1
16~Imn
2ðA11a4m þ 2A12a2mb2n þ A22b4nÞ þ ðA11A22  A212Þ
a4m
A11
þ b
4
n
A22
  
; ð20bÞ
qmnðtÞ ¼
Qmn þ qTmn
~Imn
¼ Qmn þ ðnxa
2
m þ nyb2nÞT 1mngðtÞ
~Imn
; ð20cÞ
qTmnðtÞ ¼
ðnxa2m þ nyb2nÞT 1mngðtÞ
~Imn
: ð20dÞ
For an isotropic laminate with the coeﬃcients of thermal expansion:
aðkÞx ¼ aðkÞy ¼ aðkÞ; ð21Þ
the thermally induced in-plane forces are
NTx ¼ NTy ¼ gT 0ðx; yÞ NTxy ¼ 0; ð22Þ
g ¼
XN
k¼1
EðkÞaðKÞ
1 vðkÞ ðzkþ1  zkÞ: ð22aÞ
The thermally induced moments due to T1(x,y, t) for an isotropic laminate are
MTx
MTy
( )
¼ nT 1
1
1
 
; ð23Þ
n ¼
XN
k¼1
aðkÞðQ11 þ Q12ÞðkÞ ¼
XN
k¼1
1
3
ðz3kþ1  z3kÞ
aðkÞEðkÞ
ð1 vðkÞÞ : ð23aÞ
Therefore, the Duﬃng equation coeﬃcients reduce to
x2mnðtÞ ¼
1
~Imn
D11ða2m þ b2nÞ2 þ
1
4
T 0mnf ðtÞgða2m þ b2nÞ
 
; ð24aÞ
x20mn ¼
1
~Imn
D11ða2m þ b2nÞ2
h i
; ð24bÞ
rmn ¼ 1
16~Imn
2ðA11a4m þ 2A12a2mb2n þ A11b4nÞ þ
A211  A212
A11
 
ða4m þ b4nÞ
 
; ð24cÞ
qTmnðtÞ ¼
nða2m þ b2nÞT 1mngðtÞ
~Imn
; ð24dÞ
~Imn ¼ I þ ða2m þ b2nÞI2: ð24eÞ
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The Duﬃng equation represents a hard spring due to rmn > 0; rmn remains unaﬀected by the thermal ﬁelds.
The transverse thermal eﬀect adds an additional load, and the in-plane thermal ﬁeld aﬀects the system fre-
quency. The system is in a stable oscillation without thermal eﬀect, or with a steady-state temperature rise
T 0mn > 0, since its natural frequency term is positive, i.e. ½x20mnðtÞ > 0. For a thermal ﬁeld with a temperature
decline in either a steady-state or a transient state, the system can become unstable once ½x20mnðtÞ < 0, i.e.
T 0Cmn < 
4D11ða2m þ b2nÞ
g
< 0: ð25Þ
Diﬀerent behaviors of the system present in thermal buckling and thermal vibration, and thermal mechanical
response. Obviously, any transient thermal ﬁeld causes laminate oscillation. In addition, a transient in-plane
thermal ﬁeld, i.e. when f(t) is not a constant, induces chaos due to an instantaneous variation of the system
frequency. If we concern ourselves only with the steady-state thermal ﬁelds, the Duﬃng equation reduces
to the formulation for a static nonlinear thermal buckling deformation when €W mnðtÞ ¼ 0, i.e.
1
~I
D11ða2m þ b2nÞ2 þ
1
4
T 0mngða2m þ b2nÞ
 
W mn þ rmnW 3mn ¼ qTmn: ð26Þ
3. Laminate behavior analysis
In the following, we study the nonlinear thermal and mechanical vibrations of an isotropic laminate by
numerical computation in the 4th order Runge–Kutta method. An isotropic laminate for our investigation
represents a typical microstructure composed of isotropic conduction and insulation layers. Fig. 1 shows
the laminate. Table 1 lists the material properties of a thin isotropic laminate in the dimension of
154 * 154 * 1.54 mm. Table 2 are the modal parameters for the Duﬃng equation, which shows that higher
modes have higher system parameters. We study the system parameters in relation to the aspect ratio, laminate
thermal buckling, and thermal vibration behaviors, as well as the laminate’s response subject to both thermal
and mechanical loading.
4. Static thermal buckling, modal parameters vs. aspect ratio
Deﬁne the laminate geometric aspect ratio c^ and modal aspect ratio cmn as
c^ ¼ a
b
; cmn ¼
bn
am
¼ np
b
.mp
a
¼ na
mb
¼ n
m
c^: ð27Þ
Fig. 1. Laminate conﬁguration.
Table 1
Parameters of the laminate (dimension 154 * 154 * 1.54)
Layer Material Speciﬁc weight (g/cm3) Young’s module (MPa) Poisson ratio Thickness (mm)
1 Cu/FR-4 7.599 17.9 * 10
4 0.205 0.030
2 FR-4 1.200 18.6 * 10
4 0.190 0.200
3 Cu 8.310 11.8 * 10
4 0.400 0.035
4 FR-4 1.200 18.6 * 10
4 0.190 1.000
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From Eqs. (24a)–(24c), it is observed that the Duﬃng equation parameters increases with respect to the aspect
ratio when a steady-state temperature variation is considered. Speciﬁcally,
x20mn ¼
a2m
~I
D11ð1þ c2mnÞ2
h i
; ð28aÞ
x2mn ¼
a2m
~I
D11ð1þ c2mnÞ2 þ
1
4
T 0mngð1þ c2mnÞ
 
; ð28bÞ
rmn ¼ a
4
m
16~I
4A12c2mn þ
3A211  A212
A11
 
ð1þ c4mnÞ
 
; ð28cÞ
qmnðtÞ ¼
na2mð1þ c2mnÞT 1mnðtÞ
~I
: ð28dÞ
The formulation indicates that the modal parameters x0mn; xmn; rmn; qmn increase along with an increasing
aspect ratio c^, and the modal index m and n. In particular, a higher index ratio of n/m more eﬀectively in-
creases the modal parameters due to a higher aspect ratio cmn.
For an orthotropic laminate, if the anisotropy of the mechanical and thermal properties, i.e. Young’s mod-
ulus, the Poisson ratio, and the lamina thermal expansion coeﬃcient, are consistent throughout all of the lam-
ina, increasing the anisotropy will increase the system parameters in a linear fashion, whereas the aspect ratio
aﬀects the system parameters in higher order polynomials. As veriﬁed in the previous study of modal responses
(He and Fulton, 2002), high modal parameters eﬀectively reduce the deﬂection subject to the same load. This is
to say that a higher aspect ratio results in a reduced deﬂection.
Fig. 2. The thermal ﬁeld eﬀect on the static buckling deformation. (a) The in-plane thermal ﬁeld eﬀect T 0mn ¼ 20–110 C on the static
deformation, with T 1mn ¼ 10 C. (b) The transverse thermal ﬁeld eﬀect on the static deformation, with T 1mn ¼ 10–55 C, T 0mn ¼ 94:3 C.
Table 2
Modal parameters of the Duﬃng equation
Mode Natural frequency
x0_mn [Hz]
Thermal frequency
xmn [Hz]
Stiﬀness
rmn [(mm s)
2]
Thermal load
qmn [mm/s
2]
Thermal load
Qmn [N/cm
2]
m = 1, n = 1 1588.5 2990.3 1.2469e6 542.2203 0.1288
m = 2, n = 1 3970.8 5640.0 9.8512e+006 1355.2 0.3222
m = 1, n = 2 3970.8 5640.0 9.8512e+006 1355.2 0.3222
m = 2, n = 2 6352.4 8124.9 1.9940e+007 2167.7 0.3154
m = 1, n = 3 7939.8 9752.5 4.5793e+007 2709.1 0.6444
m = 10, n = 1 79,865.0 81,852.0 4.5793e+007 27,140.0 6.5082
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Fig. 2(a) and (b) shows the modal responses in static thermal buckling. Fig. 2(a) indicates the deformation
with respect to an increased in-plane temperature variation of T 0mn ¼ 20–110 C, while the transverse temper-
ature increment is at T 1mn ¼ 10 C. Each ﬁgure shows the curves with diﬀerent modal parameters M[n,m] and
geometric ratio c^. We observed that a higher deﬂection occurs at a lower in-plane temperature rise T 0mn, or the
deﬂection is actually decreasing with an increasing temperature rise T 0mn in a nonlinear relation. Additionally, it
decreases with respect to an increasing geometric aspect ratio of c^, as well as an increased modal index ratio
n/m; this is because both increase the modal aspect ratio cmn. The decreasing deﬂection with an increasing tem-
perature rise is due to an increasing in-plane thermal force in tension generated by the rising temperature,
which further restricts the deﬂection while the transverse pressure load is constant. On the other hand, the
transverse thermal ﬁeld induces a deﬂection that is increasing with respect to an increasing transverse temper-
ature rise, as shown in Fig. 2(b), ranging from T 1mn ¼ 10–55 C, with a constant in-plane temperature variation
T 0mn ¼ 94:3 C. A higher mode and a higher aspect ratio cmn result in a lower deﬂection with respect to the
transverse thermal ﬁeld, similar to the deﬂection behavior aﬀected by the in-plane temperature variation.
5. Thermal vibration with a steady-state thermal ﬁeld
Based on the Duﬃng equation derived above, laminate vibration can be induced by a steady-state thermal
ﬁeld, which introduces a constant load into the system to cause periodic oscillation (Suhir, 1992). Assuming a
harmonically oscillating transverse temperature variation representing a Fourier series term, and a steady-
state in-plane thermal ﬁeld, i.e.
T ðx; y; z; tÞ ¼ T 0ðx; yÞ þ zT 1ðx; yÞ cosðxtÞ; x ¼ kx11; ð29Þ
The thermally induced vibration can occur in either a quasi-periodic or a chaotic oscillation. Fig. 3(a)
shows the quasi-periodic oscillation in the frequency domain due to a steady-state temperature rise
T 011 ¼ 94:3 C and T 111 ¼ 10 C for mode M[1, 1], for the responses with and without the in-plane thermal
eﬀect. The thermal ﬁeld eﬀectively shifts the resonance frequency from k = 1 without the in-plane thermal
eﬀect, to k = 2 with this temperature variation. A quasi-periodic behavior in the temporal domain is shown
in Fig. 3(b) for k = 2 with thermal eﬀect. Period doubling bifurcations are observed in Fig. 3(b) for the oscil-
lation around a center, representing the Duﬃng equation’s homoclinic orbit (Guckenheimer, 1983). Quasi-
periodic response subject to diﬀerent thermal frequencies presents similar bifurcation behavior, although with
variations in the phase diagrams and oscillation period.
Fig. 3. Nonlinear resonance with steady-state temperature for the fundamental mode (m = n = 1), with T 011 ¼ 94:3 C and T 111 ¼ 10 C.
(a) Frequency response with and without the in-plane thermal eﬀect. (b) Velocity–deﬂection diagram at resonance k = 2 with thermal
eﬀect.
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For a steady-state temperature drop, the system can become unstable when reaching the critical tempera-
ture variation, as analyzed in (25). This critical temperature is found to be T 0C11 ¼ 37:5 C for modeM[1,1], it
is T 0C21 ¼ T 0C12 ¼ 93:8 C, and T 0C22 ¼ 150:5 C for the respective modes. An intermittent chaos occurs for a
steady-state temperature drop that goes beyond this critical level. Fig. 4(a) and (b) shows the response in the
time domain with a temperature drop of T 011 ¼ 94:3 C and T 111 ¼ 10 C at x = 3x11 for the transverse
thermal frequency. An intermittency chaos increases deﬂection, compared to the quasi-periodic response in
a stable system without thermal eﬀect as represented by the mid-line in Fig. 4(a). Note that a quasi-periodic
oscillation can also occur for a moderate temperature drop of T 0mn < T
0C
mn due to x
2
mn > 0. The phase diagram
of the unstable system shown in Fig. 4(b) indicates the homoclinic orbit corresponding to the intermittent
chaos that persists with variation of the transverse thermal ﬁeld frequencies. The persistent behavior shows
that the system is structurally stable.
6. Thermal vibration with a transient thermal ﬁeld
A transient temperature variation in an exponential function symbolizes a thermal conduction process in a
laminated structure with certain heat transfer boundary conditions. The thermal ﬁeld is governed by the tran-
sient Poisson equation for heat conduction, i.e.
T ;tðx; y; tÞ ¼ jr2T ðx; y; tÞ; ð30Þ
with a Newmann boundary condition of:
T ðx; yÞ 6¼ 0; @ x ¼ 0; a; y ¼ 0; b;
T ;xðx; yÞ ¼ 0; T ;yðx; yÞ ¼ 0; @ x ¼ 0; a; y ¼ 0; b: ð30aÞ
The thermal ﬁeld can be assumed in the form
T 0ðx; y; tÞ ¼
XN
n¼1
XM
m¼1
T cmnðx; yÞ þ
XN
n¼1
XM
m¼1
T 0mnðtÞ cosð2amxÞ cosð2bnyÞ; ð31aÞ
T 1ðx; y; tÞ ¼
XN
n¼1
XM
m¼1
T 1mnðtÞ cosðamxÞ cosðbnyÞ; ð31bÞ
Fig. 4. Intermittency chaos with a steady-state in-plane temperature drop of T 011 ¼ 94:3 C and T 111 ¼ 10 C, and x = 3x11. (a)
Temporal response with and without the in-plane thermal eﬀect. (b) Velocity–deﬂection diagram with thermal eﬀect.
7638 X. He / International Journal of Solids and Structures 43 (2006) 7628–7643
which can be solved as
T 0ðx; y; tÞ ¼
XN
n¼1
XM
m¼1
T 0mn exp 4
m
a
 	2
þ n
b
 	2 
jp2t
 
cosð2amxÞ cosð2bnyÞ; ð32aÞ
T 1ðx; y; tÞ ¼
XN
n¼1
XM
m¼1
T 0mn exp 
m
a
 	2
þ n
b
 	2 
jp2t
 
cosðamxÞ cosðbnyÞ: ð32bÞ
Correspondingly, we can obtain an identical form of the Duﬃng equation, except for the thermal load being
modiﬁed to be
qTmnðtÞ ¼ 
2nxyambnT
1
mngðtÞ
~Imn
: ð33Þ
It is clear that a thermal ﬁeld with a Dirichlet boundary condition can also be solved in an exponential func-
tion for the transient temperature variation f(t) with a spatial function as we used in (11a) and (11b). The tran-
sient thermal ﬁelds also exist in other forms than an exponential function for various thermal conductivities at
the boundaries, such as a mixed thermal boundary condition, as discussed in details in Boley and Weiner
(1960b). These transient thermal ﬁeld functions can be incorporated into the decoupled modal form Duﬃng
equation should their spatial function is admissible for the MWR method. Otherwise, the reduction may
results in a diﬀerential–integral equation.
The system remains stable with an exponential transient temperature rise of T 0mn > 0, since
x2mn ¼
a2m
~Imn
D11ð1þ c2mnÞ2 þ
1
4
gT 0mnf ðtÞð1þ c2mnÞ
 
> 0; T 0mn > 0; f ðtÞ ¼ expðktÞ > 0: ð34Þ
However, a transient aperiodic oscillation occurs due to this in-plane temperature decline with k > 0. The
higher the decay rate, the more quickly the transient phenomenon disappears. Afterwards, a quasi-periodic
behavior resumes as the response approaches asymptotically to a stable oscillation, as if subject to a stea-
dy-state thermal ﬁeld. Fig. 5(a) and (b) shows the response with T 0ðtÞ ¼ T 011 expðktÞ; k ¼ 100,
T 011 ¼ 94:3 C, T 1ðtÞ ¼ T 111 cosðkx11tÞ; k ¼ 2, T 111 ¼ 10 C. Such asymptotic behavior is observed for either
a constant transverse thermal forcing or a harmonic forcing. The transient thermal ﬁeld imposes a relatively
minor inﬂuence on the deﬂection, based on a comparison of Figs. 3 and 5. The asymptotic oscillation is not
associated with chaotic attractors (Homles and White, 1983), as we demonstrate in the following stability
analysis.
Fig. 5. Instability in thermal vibration with a transient in-plane temperature rise, with T 0ðtÞ ¼ T 011  expðktÞ, k = 100, T 011 ¼ 94:3 C,
T 1ðtÞ ¼ T 111 cosðkx11tÞ, k = 2, T 111 ¼ 10 C. (a) Temporal response in heat conduction. (b) Phase diagram.
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For a sustained rapid temperature rise in an exponential function with k < 0, instability induces chaos with
a diﬀerent pattern, whereby the sustained increase in velocity will eventually induce failure of the system due to
high deﬂection. Fig. 6(a) and (b) indicates such behavior prior to the instability when subject to a sharp tem-
perature rise at T 0ðtÞ ¼ T 011 expðktÞ, k = 50, T 011 ¼ 94:3 C, and T 1ðtÞ ¼ T 111 cosðkx11tÞ; k ¼ 2; T 111 ¼ 10 C.
An oscillatory deﬂection proceeds initially as indicated in Fig. 6(a), accompanied by an increasing velocity as
shown in Fig. 6(b). This is followed by a rapid deﬂection increase due to the high-rising velocity, causing
instability.
The instability and chaos associated with the exponential function for the transient in-plane thermal ﬁeld
can be explained by the Lyapunov exponent (Shilnikov et al., 1998). For the velocity vector determined by
y ¼ dw^
dt
¼ vð1Þ; _y ¼ vð2Þ ¼ dv
ð1Þ
dt
¼ F ðtÞ  ðx2 þ gT 0mnexpktÞW  rW 3; ð35Þ
assuming the deﬂection w^ is ﬁnite, i.e. W 6W0, the largest exponent can be determined by the velocity vector
v(2):
l2ð~x0Þ ¼ lim
t>1
ln kvð2Þk
t
¼ lim
t>1
ln kgT 0mnW 0expktk
t
¼ k > 0; k < 0: ð36aÞ
This means that the system has an chaotic attractor for chaos when k < 0. On the other hand, l2ð~x0Þ ! 0 for
k > 0, which means that the system is stable without chaotic attractors, as in the case of an asymptotic quasi-
periodic oscillation in Fig. 5. When the deﬂection is not ﬁnite, the exponent becomes:
l1ð~x0Þ ¼ limt>1 ln kv
ð1Þk
t
> 0; ð36bÞ
the system is unstable and chaotic.
Note that the chaos demonstrated above with the transient thermal ﬁeld in an exponential function
f(t) = expkt is in contrast to the chaos induced by the transient in-plane thermal ﬁeld in a harmonic function,
i.e. f(t) = cos(vt), v = jx11, which introduces chaos by a cyclic oscillation between a stable and an unstable sys-
tem with an alternating frequency between x2mn > 0 and x
2
mn < 0. Fig. 7(a) shows the chaotic response with
T 0 ¼ T 011 cosðvtÞ, v = 2x11, T 011 ¼ 94:3 C, and T 1ðtÞ ¼ T 111 cosðkx11tÞ; k ¼ 2; T 111 ¼ 10 C. Without this tran-
sient thermal ﬁeld, the response is quasi-periodic as shown in Fig. 3(b), with a deﬂection of the laminate thick-
ness. The thermally induced chaos has a deﬂection over twice of the laminate thickness. This increased
deﬂection at chaos associated with a harmonic transient in-plane thermal ﬁeld boosts the signiﬁcance of the
Fig. 6. Instability in thermal vibration with a transient in-plane temperature rise, with T 0ðtÞ ¼ T 011 expðktÞ, k = 50, T 011 ¼ 94:3 C, and
T 1ðtÞ ¼ T 111 cosðkx11tÞ, k = 2, T 111 ¼ 10 C. (a) Temporal response in heat conduction. (b) Velocity–deﬂection diagram.
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lower mode response. Bifurcation and chaos associated with both in-plane and transverse harmonic thermal
sources presents interesting characteristics, as demonstrated in a separate study for the Duﬃng system (He,
2006b).
7. Thermal mechanically induced vibration
The response of a thin laminate subject to both thermal ﬁeld and mechanical load can transit between dif-
ferent behaviors due to the multiple forcing sources. In addition, sensitive dependence of chaos on the load
and initial conditions exists for the Duﬃng system. It is found that an increased constant load could transform
chaos into a quasi-periodic oscillation, while an increased harmonic excitation generally induced chaos to a
quasi-periodic oscillating system. Fig. 7(b) shows such a transition from the thermally induced chaos, shown
in Fig. 7(a), to a quasi-periodic oscillation, when a constant load of Q11 = 1.2 N/cm
2 is added to the system.
8. Discussion
In the above analysis, the transverse thermal ﬁeld can also be in the same form as that of the in-plane ther-
mal ﬁeld, i.e. an exponential function for the conduction process. Naturally, we can predict that a consistent
form of an exponential function for the transverse thermal ﬁeld will reinforce the chaos and stability behaviors
that are determined by the in-plane thermal ﬁeld. However, the laminate under investigation contains inter-
facial conduction and insulation layers, which makes the transverse temperature variation conﬁned. An insig-
niﬁcant transverse thermal ﬁeld essentially serves as a perturbation to the in-plane temperature variation that
plays a dominant role in the system behavior. Therefore, the fact that we used a harmonic transient function to
represent the transverse temperature variation does not deviate from the consistency of formulation for rep-
resenting the thermal process in a coupled thermoelastic analysis of laminate dynamics.
The in-plane thermal ﬁeld function T0(x,y) that satisﬁes various thermal conductivity conditions at the
boundaries, including the Dirichlet and the Neumann boundary conditions, among others, can be incorpo-
rated into the Duﬃng equation for the laminate behaviors subject to a coupled thermoelastic ﬁeld. For other
thermal processes, such as heat convection, the transient temperature variation can be represented by a Fou-
rier series in harmonic functions, instead of an exponential function. Therefore, this integrated form of the
Duﬃng equation avoids the complexities involved in solving the simultaneous nonlinear partial diﬀerential
Fig. 7. Oscillation transition subject to thermal and mechanical load. (a) Chaos induced by the transient thermal ﬁeld
T 0 ¼ T 011 cosðmtÞ; m ¼ 2x11, T 011 ¼ 94:3 C, and T 1ðtÞ ¼ T 111 cosðkx11tÞ, k = 2, T 111 ¼ 10 C. (b) Transition to quasi-periodic response with
a constant load to the system in (a0, with T
0 ¼ T 011 cosðmtÞ; m ¼ 2x11, T 011 ¼ 94:3 C, and T 1ðtÞ ¼ T 111 cosðkx11tÞ, k = 0, T 111 ¼ 10 C,
Q11 = 1.2 N/cm
2.
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equations, while preserving both the nonlinear elasticity and thermal physics of laminate behavior subject to a
coupled thermal and mechanical loading.
Our formulation does not assume the approximations such as that due to Berger for the decoupled modal
form Duﬃng equation, as it can be veriﬁed that the second strain invariant is not neglected at the boundaries
or at the laminate plane, i.e.
e2 ¼ e0xe0y 
1
4
ðc0xyÞ2 ¼ u0;x þ
1
2
w2;x
 
v0;y þ 1
2
w2;y
 
 1
4
ðu0;y þ v0;x þ w;xw;yÞ2 6¼ 0: ð37Þ
Therefore, the decoupled modal form Duﬃng equation is obtained with total energy conservation in the sense
of Galerkin’s averaging, which is achieved by placing constraints on the form of the thermal ﬁeld function
T0(x,y) in order to reduce the governing equation to an equation with constant coeﬃcients. The aforemen-
tioned restriction is necessary for functions in the weighted residual to satisfy the orthogonality conditions.
Such thermal ﬁeld constraints exist in nonlinear thermal buckling analysis even with Berger’s approximation
(Bloom and Coﬃn, 2001b). Nevertheless, this restricted form of the thermal ﬁeld function has the capability to
represent the general thermal ﬁelds.
9. Conclusions
We obtained a decoupled modal form Duﬃng equation for the nonlinear thermal mechanical response of
an orthotropic laminate for a simply supported boundary condition with conservation of total energy by using
the method of weighted residuals. The Duﬃng equation incorporates both the in-plane and transverse temper-
ature variations in a steady-state and transient state for an arbitrary thermal ﬁeld analysis. The modal coef-
ﬁcients of the equation are constant parameters in terms of the laminate material properties and geometry.
The Duﬃng equation indicates that the transverse temperature variation adds an additional pressure load,
while the in-plane temperature variation aﬀects the system frequency. Various characteristics present in thin
laminate behaviors, including thermally induced chaos and instabilities. Our study demonstrated a uniﬁed
approach for a decoupled modal analysis of the laminate subject to a coupled thermoelastic ﬁeld.
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